A special formula for the total mean curvature of an ovaloid is derived. This formula allows us to extend the notion of the mean curvature to the class of boundaries of strictly convex sets. Moreover, some integral formula for ovaloids is proved.
In this paper we will consider a class of closed surfaces in R 3 . We denote by A * the region bounded by a surface A. We recall that a closed surface in R 3 with positive Gaussian curvature is called an ovaloid, see [5] . As we stated in the abstract the paper provides a formula for the total mean curvature of an ovaloid in Euclidean three dimensional space. While our technique involves a straightforward integration technique it gives an interesting extension of the concept of the mean curvature to non-smooth objects as the boundaries of strictly convex sets in R 3 and its intriguing resemblance of the integrand to the potential function is promising and attracting.
Although there is a substantial body of literature on mean curvature of surfaces we will note that the encyclopedia by Santaló [6] and the fundamental reference book by Hadwiger [4] give the formula for total mean curvature for convex polyhedrons which are a special case of strictly convex sets to which our formula applies. Alexander in [1] in nontrivial and deep manner used the discrete total mean curvature for closed flexible polyhedral surfaces. For the convex polyhedrons the edges of which have lengths a i with corresponding dihedral angles α i they provide the following formula for the total mean curvature
From the formula (1) it follows that the total mean curvature of a cube with sides 2m is 6mπ, what is in perfect accord with our calculations given in the Example 1. We note also the interesting paper [3] by Dalphin, Henrot, Masnou, and Takahashi, where the authors are interested in possible extensions of a certain Minkowski inequality involving the total mean curvature from convex smooth sets to any regular open subset of R 3 .
Formula for the total mean curvature introduced in this paper coincides with the classical formula on the total mean curvature of ovaloids. However an analytic form of our formula allows to use it in a wider scope, namely to the class of closed convex surfaces which lies between the class of convex polyhedrons to which one uses the formula (1) and the class of ovaloids where one uses the ordinary definition. We do hope that our formula can be useful in investigations of analytic properties of convex polyhedrons or convex surfaces.
Let us fix an ovaloid E and denote by m P the support function of E with respect to a fixed point m ∈ E * . We associate with E and m a closed surface m E defined as follows w → m P (w)w + m for w ∈ S 2 , where S 2 denotes the unit sphere. m E will be called a pedal surface of the surface E with respect to the point m, see [2, 7] .
We denote the outward normal vector field on E by N , and by K and H the Gaussian and mean curvature, respectively. Let x(u) be a local parametrization of the ovaloid E. In the further part of the paper we use the following standard notations for α, β = 1, 2 : x α denote the tangent vectors to the coordinate curves, g αβ = x α , x β are coefficients of the first fundamental form of E, g = det[g αβ ], and if we introduce the following notation Let us fix an ovaloid E. We assume that a point m coincides with the origin of the space R 3 thus we will write p instead m p . Moreover, we parametrize E using the unit sphere S 2 . We denote by S r the sphere of radius r with the center at o contained in E * and by A r the intersection of the exterior of S r and o E. Then we define a mapping
Note that F is an isotopy between the sphere S r and the pedal surface o E. It is easy to see that the Jacobian JF of F is given by the formula
Making use of the diffeomorphism F and the Minkowski formula
(see [5] ), we obtain
where ||y|| 2 = y, y and dE denote the surface area form of the ovaloid E. On the other hand we have S * r dy ||y|| 2 = 4πr.
The integral E H dE is called the total mean curvature, so we proved the following theorem. Theorem 1. The total mean curvature M of an ovaloid E is given by the formula
Let the unit sphere S 2 be parametrized by w(u) = (cos u 1 cos u 2 , cos u 1 sin u 2 , sin u 1 ),
Then the volume form is equal to dS = − cos u 1 du 1 du 2 . Note that for any constant vector field a we have
Let X denote the boundary of a fixed strictly convex set in R 3 . We assume that the origin o lies in the interior X * of X. We consider two support functions p o and p b of X for any b ∈ X * . It easy to see that
The conditions (5) and (6) imply that the integral S 2 p b dS does not depend on b. We define the mapping
where p = p o . Since the Minkowski support function is differentiable (see [2] ) then we have (8) G (t, u) = t 2 p(w(u)) 3 cos u 1 .
Since the mapping G : (0, 1) × U → G((0, 1) × U ) is a diffeomorphism then we get
This formula allows us to extend the notion of the total mean curvature onto the class C of boundaries of strictly convex sets in R 3 . We note that the integral m X * dy ||y−m|| 2 does not depend on m. For this reason we can introduce the following definition. for a fixed m ∈ X * , will be called the total mean curvature of X ∈ C.
From the above considerations we get an immediate corollary. Corollary 1. If m is a center of the greatest sphere S R contained in X * then the following inequality holds Hence we get the following theorem. To calculate the total mean curvature M of the cube C let consider the part of pedal surface contained in the positive octant denoted by C 1 . This is the part of the sphere S with radius where u = (u 1 , u 2 ) ∈ U = 0, π 2 × 0, π 2 . We determine the term r(u 1 , u 2 ) inserting the coordinates w(u) to the equation of the sphere S. Then we get r(u 1 , u 2 ) = m sin u 1 sin u 2 + sin u 1 cos u 2 + cos u 1 . Since the Jacobian F of F is given by
by formula (10), the total mean curvature M of the cube C is given by
mπ.
Hence M = 8 · 3 4 mπ = 6mπ.
As we see the above result for the cube coincides with the value obtained from the formula (1). Now we illustrate this result by the numerical calculations for a sequence of regular surfaces x n + y n +z n = 1 with even n tending to the cube with m = 1 when n → ∞. The calculations made in Wolfram Mathematica 11.3 with working precision equal to 2000 confirm the results presented above. Then the equations x n + y n + z n = 1 with increasing even n describe cube-like surfaces tending to the cube of side of length 2 and center (0, 0, 0). The Table 1 shows the approximate values of the total mean curvature M as function of n for a few values of n. It is seen that following results converge to 6π ≈ 18.8496 as we expect. 
